SUPERCONFORMAL VERTEX ALGEBRAS IN DIFFERENTIAL 

GEOMETRY. I. 



JIAN ZHOU 



Abstract. We show how to construct an A'^ = 1 superconformal vertex alge- 
bra (SCVA) from any Riemannian manifold. When the Riemannian manifold 
has special holonomy groups, we discuss the extended supersymmetry. When 
the manifold is complex or Kahler, we also generalize the construction to ob- 
tain N = 2 SCVA's. We study the BRST cohomology groups of the topological 
vertex algebras obtained by the A twist and the B twist from these N = 2 
SCVA's. We show that for one of them, the BRST cohomologies are isomor- 
phic to H*{M,K*{T* M)) and H*(M,K*{TM)) respectively This provides 
a mathematical formulation of the A theory and B theory in physics litera- 
ture. The connection with elliptic genera is also discussed. Furthermore, when 
the manifold is hyperkahler, we generalize our constructions to obtain N = A 
SCVA's. A heuristic relationship with super loop space is also discussed. 



1. Introduction 

The goal of this paper is to associate superconformal vertex algebras to smooth 
manifolds, especially when the manifolds are equipped with various structures as 
indicated in the abstract. Such results are important in the author's program of 
studying mirror symmetry in terms of Quillen's closed model category theory pGf . 

It has been known for some time in the physics literature that the sigma model 
has an iV = 1 supersymmetric extension when the target manifold is Riemannian, 
an iV = 2 supersymmetric extension if the target manifold is Kahler, and an = 4 
supersymmetric extension if the target manifold is hyperkahler. See e.g. Zumino 
|44[ , Alvarez-Gaume and Freedman In the Riemannian case, when the holonomy 
group of the target manifold is G2 or Spin{7), the supersymmetry can be extended 
(see e.g. Shatashvilli and Vafa in the Kahler case, when the target manifold 

M has holonomy group SU{n) (i.e. M is Calabi-Yau), the extended supersymmetry 
was considered earlier by Odake |Q . Recall that the sigma model involves the maps 
from a two-dimensional Riemannian manifold to another Riemannian manifold M 
(the target manifold). Since the type of supersymmetric extension depends on the 
target manifold, it is reasonable that the target manifold alone is the source of the 
supersymmetry. If that is the case, one should be able to obtain supersymmetry 
just from the target manifold, and deduce from it the supersymmetry of the sigma 
model. In this paper, we construct various bundles of superconformal vertex alge- 
bras from smooth manifolds, depending on whether they admit Riemannian metrics 
with various holonomy groups, or complex structures. We show that the spaces of 
sections of these bundles are superconformal vertex algebras of the same types as 
their fibers. In the cases of complex, Kahler, and hyperkahler manifolds, we also 
show that these bundles can be regarded as holomorphic vector bundles hence one 
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can consider the d operators on them. The corresponding Dolbeauh cohoniologies 
are shown to be superconformal vertex algebras, again of the same types as the 
fibers of the relevant bundles. Our constructions should lead to rigorous explana- 
tion of the supersymmetric extensions of sigma models with Riemannian manifolds 
(having special holonomy groups) as target manifolds. Notice that sigma models 
are not explicitly involved in | |3C[ | . Our constructions might be implicitly known to 
the physicists. But to the author's best knowledge, they have not been explicitly 
formulated in the present form. 

Part of the motivations of this paper is to provide mathematical formulations of 
the A theory and the B theory without using the sigma model. A very important 
notion in string theory is that of an iV = 2 superconformal field theory (SOFT). We 
understand such a theory as the assignment of A'' = 2 SCVA's to suitable physical 
situations. Physicists showed that the primary chiral states of an A^ = 2 SCVA 
form an algebra. Similarly for the primary anti-chiral states. See e.g. Lerche-Vafa- 
Warner jl^. See also Warner ||3^ for an exposition. A closely related notion is that 
of a topological vertex algebra of which one can consider the BRST cohomologies. 
Given an A^ = 2 SCVA, there are two ways to twist it (called the A twist and the B 
twist respectively) to obtain a topological vertex algebra (Eguchi and Yang |pl| ). 
The BRST cohomology groups of these two topological vertex algebras correspond 
to the algebras of the primary chiral and anti-chiral states of the original N = 2 
SCVA respectively. Given a Calabi-Yau manifold M, it has been widely discussed 
in physics literature for many years that there is an A^ = 2 SOFT associated to it, 
with the two twists giving the A theory and the B theory respectively. Witten [|2| 
discuss such a theory starting with sigma models with a Calabi-Yau manifold as the 
target manifold. However, he did not explicitly give the construction of an A^ = 2 
SCVA. The primary chiral algebra (i.e. the BRST cohomology in the A theory) is 
argued to be isomorphic to the cohomology of the manifold as vector spaces, but not 
as algebras, hence leading to the notion of quantum cohomology (Q, Q)- Since 
the fundamental work by Ruan and Tian | |2^ , the mathematical theory of quantum 
cohomology motivated by the sigma model has reached maturity through the efforts 
of mathematicians too many to list here. However, since such developments do not 
require the N — 2 superconformal vertex algebras in the discussions, the problem of 
associating N = 2 SCVA to Calabi-Yau manifolds has not been fully addressed in 
the mathematical literature. We will fill this gap in this paper, using constructions 
not involving sigma models. 

It is a good time to compare with earlier work by Malikov, Schechtman, and 
Vaintrob |2^ . They constructed for any Calabi-Yau manifold a sheaf of topological 
vertex algebras. Their theory corresponds to the A theory. It is not clear how to 
extend their construction to encompass the B theory. The first essential difference 
between their theory and ours is that we construct an A = 2 SCVA from any 
complex manifold A/, whose twists give H* *{M) and H~*'*{M) when taking the 
BRST cohomologies. The A twist and the B twist correspond to the A theory 
and the B theory in the case of Calabi-Yau manifolds, but our construction is 
more general. As mentioned above, we give a unified treatment for Riemannian 
manifolds with holonomy groups of all possible kinds, and for complex manifolds. 
The second difference is that we use bundles of vertex algebras while they use 
sheaves of vertex algebras that do not come from vector bundles. Our constructions 
have the advantage of being easy and admitting treatments by usual techniques 
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in differential geometry, while their construction involves complicated localization 
argument. 

The connection with elliptic genera is manifest in our approach. As a byproduct, 
we introduce the if-theory of vertex algebra bundles and its conformal and super- 
conformal cousins. Such theories seem to deserve further investigation because of 
possible links with the theory of elliptic cohomology. Note that the if-theories of 
infinite dimensional vector bundles was first introduced by Liu pO[ | in the search of 
a geometric description of elliptic cohomology. The bundles of vertex algebras have 
been used by Tamanoi p3[ . 

We remark that we have only used the construction of vertex algebras from a 
vector space with an inner product in this paper. Other constructions of vertex 
algebras can be applied in the same fashion. In particular, we will apply the con- 
structions of vertex algebras from a symplectic vector space to symplectic geometry 
is a sequel For example, we will associate N = 2 SCVA's to a symplectic man- 
ifold with a Lagrangian fibration, hence establish some relationship between our 
work and the Strominger-Yau-Zaslow program fs^ . 

The rest of the paper is arranged as follows. In Section 2 we recall some basic 
definitions and facts about vertex algebras, including the definitions of = 2 
superconformal vertex algebras and their primary (anti-)chiral algebras, and their 
relationship with topological vertex algebras and BRST cohomology. We define 
vertex algebra bundles and their AT-theories in Section 3. In Sectio 4 we apply 
the construction of an A^ = 1 SCVA from a vector space with an inner product to 
the tengent bundle of Riemnnian manifold. We explain extended supersymmetry 
discovered by physicists when the Riemanian manifold has special holonomy group 
in our framework. Section 5 applies the construction of an A^ = 2 SCVA from a 
vector space with an inner product and a polarization to the tangent bundle of a 



complex or Kahler manifold. Our main result is Theorem 5.2 and Theorem 5.3 



We apply in Section 6 the construction of an A^ = 4 SCVA from a quternionic 
vector space to the tangentbundle of a hyperkahler manifold. Finally, we explain 
our choice of the vector bundles in terms of loop spaces in Section 7. 



2. Preliminaries on vertex algebras 

2.1. Definition of a conformal vertex algebra. A field acting on a vector space 
y is a formal power series 

a{z) = ^a(„)Z-"-i e End(y)[[z,z-i]] 

such that such that for any v Cz V , = for n 3> 0. A vertex algebra consists 

of the following data: 

(i) a Z-graded vector space V (the space of states), 
(u) a vector |0) e Vq (the vacuum vector), 

(in) a degree zero linear map Y : V FindV[[z, z~-^]] (the state-field corre- 
spondence) whose image lies in the space of fields, denoted by Y{a, z) = 

satisfying the following axioms: 

(1) (translation covariance): [T, Y{a, z)] = dzY(a, z), where T G End is defined 
by T{a) = o_-2|0) for a G 

(2) (vacuum): Y{\0) , z) = idy , Y{a, z)\0)\,^o = a, 
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(3) (locality): for any a,b gV, Y{a, z) and Y{b, w) are mutually local. 

Example 2.1. A vertex algebra V is called holomorphic if a(„) = for n > 0. 
Holomorphic vertex algebras correspond to graded commutative associative alge- 
bras with unit and with a derivation T of even degree: 

F(a,^)6 = e^^(a)-6. 

A conformal vertex algebra of rank c is a vertex algebra V with a conformal 
vector V of degree such that the corresponding field Y{y^z) = X]„£z -^n-z"""^ 
satisfies: 

(1) [Lm, Ln] = (m - n)L,n+n H ^■m.+n.O] 

furthermore, i_i = T, and Lq is diagonizable. Some authors have used the term 
vertex operator algebras. 

2.2. N = 1 superconformal vertex algebras. An = 1 superconformal ver- 
tex algebra a vertex algebra V of order c with an odd vector r (called N = 1 
superconformal vector), such that the field G{z) = Y{t,z) = 'Y^^^i_^iGmZ~"~^ 
satisfies 

l 2 1 

[Gmi Gn] = 2I,m,+n + ~ ^)^m+nC) 

Tl 

[Gmi Ln] = (to — -^)Gm+n 

2.3. N = 2 superconformal vertex algebras. An N = 2 superconformal vertex 
algebra (SCVA) is a conformal vertex algebra V with two odd vectors and an 
even vector j such that the fields G^{z) = Y{t^,z) = J2re-+i.^r'^~^~^ ^^'^ 
J{z) = Y{j,z) = J2n€Z JnZ-"^-^ Satisfy 



(2) [G-,G+] = 2Lr+s - (r - ,s) J,+,, + f (r^ - i)<5,+,,o, 

(3) [G^ , Gf] = [Gj, ,Gg] — 0, 

(4) [Lm, Ln] = (to - n)Lm+n + ^m{m'^ - l)6m+n,0, 

(5) [Ln,Gt] = {^-r)Gt+r, 

(6) [Ln, Jm] = —''nJm+ni 

(7) [Jmi Jn] = ^"nfl^m+nfii 

(8) [Jn,Gf]= ±G'^_^^. 



It is easy to see that for any nonzero a S C, ar"*" + -r is an A?^ = 1 supercon- 
formal vector. 

2.4. Primary chiral algebra of an A^ = 2 SCVA. A state a in an A^ = 2 
superconformal vertex algebra is called primary of conformal weight h and U{1) 
charge q if 

L„a = J„a = 0, n > 1, 
Lfya = ha, J^a = qa, 

Gta = 0, r>^. 
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An N — 2 SCVA V is said to be unitary if there a positive definite Hermitian 
metric (-I-) on V such that (G^)* = Gl,.. It is easy to see that if {V, (-I-)) is a 
unitary N — 2 SCVA, then we have 

T* — T T* — T 

An N — 2 SCVA is said to be nondegenerate if the eignevalues of Lq are discrete, 
bounded from below, and with finite dimensional eigenspaces. 
In an = 2 SCVA, a state a is called chiral if it satisfies: 

G+ifl = 0. 

2 

Similarly, a field a{z) is called chiral if it satisfies: 

[G+,,a(^)] =0. 

2 

Anti-chiral states and fields are defined with + replaced by — . We now recall some 
important results from Lerche-Vafa- Warner jl^ . 

Lemma 2.1. In a unitary N = 2 SCVA V , if a is a vector of conformal weight h 
and U{1) charge q, then 

h>\q\/2, 

with h — q/2 (resp. h = —q/2) iff a is a primary chiral (resp. anti-chiral) state. 

Corollary 2.1. In a unitary N = 2 SCVA V , the primary chiral states form an 
graded commutative associative algebra induced by the normally ordered product: 
the product between states a and b is given by a(_i)6. Similarly for the primary 
anti-chiral states. (These algebras will be referred to as the primary chiral algebra 
and primary anti-chiral algebra of V respectively.) 

Lemma 2.2. Let V be a unitary N = 2 SCVA of central charge c. if a €z V is of 
conformal weight h and U{1) charge q, then one has 

h < c/6. 

Corollary 2.2. The space of primary chiral states in a nondegenerate unitary N — 
2 SCVA is finite dimensional. 

2.5. Topological vertex algebras and BRST cohomology. Closely related to 
N — 2 SCVA are the topological vertex algebras. Recall that a topological vertex 
algebra of rank d is a conformal vertex algebra of central charge 0, equipped with 
an even element J of conformal weight 1, an odd element Q of conformal weight 
1, and an odd element G of conformal weight 2, such that their fields satisfy the 
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following OPE's: 

(9) nz)T{w) 

(10) J{z)J{w) ' 



2T{w) dwT{w) 



{z — w)'^ z — w ' 

d 



{z — w)^ ' 

d _^ J{w) _^ du,J{w) 
[z — wY [z — wY z — w 

(12) G{z)G{w) - 0, 

2G{w) d^G{w) 



(11) T{z)J{w) 

(12) G{z)G{w] 

(13) T{z)G{w) 



{z — wY z — w 
G{w) 



(14) J{z)G{w) 

(15) Q{z)Q{w)^Q, 

Q{w) dujQiw) 



(16) T{z)Q{w) 

(17) J{z)Q{w) 

(18) Q{z)G{w) 



[z — wY z — w ' 

z — w ' 

d J{w) T{w) 



(z — wY (z — wY z — w 

Here we have written the Virasoro field associated with the conformal vector as 
T{z) — X^riGZ ^ consequence of (|l5|), 

Q'o^I[Qq,Qo]=0. 
The operator Qq is called the BRST operator, and the cohomology 

i/*(F,Qo) =Kergo/ImQo 

is called the BRST cohomology. From (p^), one gets 

T{z) = [Q,,G{z)]. 

Hence for any v £ KerQoi we have 

TnV = [Qo, G,i]v = QoGnV e ImQo- 

In other words, the map [v] > [Tnv] induces a trivial representation of the Virasoro 
algebra on the BRST cohomology. 

Inspired by Witten |3^, Eguchi and Yang jl^ discovered the following im- 
portant twisting construction: 

Proposition 2.1. Given an N ^ 2 SCVA V with Virasoro field L{z), supercur- 
rents G^{z) and U{1) current J{z), one obtains a topological vertex algebra by 
taking: 

T(z) = L(z) + la,J(z), Jtopiz) = J{z), 

Q{z)=G+{z), G(z)=G-(z), 
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or 

T{z) = L{z) - ]^d,J{z), Jtop{z) = - J(z), 

g(z) = G-(z), G(z)=G+(z). 

Conversely, given a topological vertex algebra, one can obtain an N = 2 SCVA 
structure on it by 

L{z) = T{z) - ^dzJtop{z), J{z) = Jtop{z), 

G+{z)^Q{z), G-{z)^G{z), 

or 

L{z) = T{z) + ^dzJtop{z), J{z) = ~Jtop{z), 

G+{z)^G{z), G-{z)^Q{z). 

In the above, we have used Jtop to denote the U{1) charge for the topological vertex 
bra. 



Definition 2.1. The two twists in Proposition 2.1 will be referred to as the A twist 
and the B twist respectively. 

As remarked in Lian-Zuckerman |l^, §3.9.4, the BRST cohomology of a topo- 
logical vertex algebra is graded commutative and associative. The following results 
from Lerche-Vafa- Warner |l8[ provide an alternative explanation. 

Lemma 2.3. (Hodge decomposition) In a unitary N — 2 SCVA V of central charge 
c, any state of conformal weight h and U{\) charge q can be uniquely written as 

a = ao + ia_|_ + G7a_, 

2 2 

for some primary chiral state Oq and some states a^ and a_ . Furthermore, when 
a is chiral, then one can take a_ = 0. 

Proposition 2.2. For a nondegenerate unitary N — 2 SCVA, the primary chiral 
(resp. anti-chiral) algebra is isomorphic to the BRST cohomology of the A twist 
(resp. the B twist). 

3. Vertex algebra bundles and the related if-THEORiES 

3.1. The category of vertex algebras. We recall some categorical notions which 
will be used later. A homomorphism from a vertex algebra y to a vertex algebra 
V' is a linear map f : V ^ V of degree such that 

= f{a)(n)f{b) 

for all a,b G V, n G Z. One can define a category VA which has objects the vertex 
algebras and as morphisms the vertex algebra homomorphisms. Isomorphisms and 
automorphisms in this category are defined as usual. Given two vertex algebras U 
and V, U ®V is a vertex algebra with 

\0)umv = \0)u®\0)v, 

Y{u ®v,z) = Y{u, z) ® Y{v, z) = ^(w(„) ® 'y(„))z"""^ 

nez 
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The direct sum gives the (categorical) product in the category VA. Similarly, U(E)V 
is a vertex algebra with 

\O)u0V = \0)u^\0)v, 

Y(u(g)v,z) = Y{u,z) (g)Y{v,z) = ^ (8)z;(„)Z~""""2. 

This tensor product and the natural isomorphism U ^ V ^ V ® U give VA the 
structure of a symmetric monoidal category (see e.g. Mac Lane |^ for definition). 

Other categorical notions such as subobjects and quotient objects can also be 
easily defined. A subalgebra of a vertex algebra y is a subspace U containing 
|0) such that a^^-^U C U for all a E U. It is clear that C/ is a vertex algebra 
with Y{a, z) = X^nez o-(n)\u ■ An ideal of a vertex algebra y is a T-invariant 
subspace / not containing |0) such that a(„) J C / for all a G V. By skew symmetry, 
one sees that 

a(^n)V C / 

for all a E I. Hence the quotient space V/I has a structure of a vertex algebra such 
that the quotient map is a homomorphism of vertex algebras. 

The above definitions can be easily extended to the case of charged vertex al- 
gebras, conformal vertex algebras and N = n superconformal vertex algebras. We 
remark on the case of tensor product. Let U he a vertex algebra and be a con- 
formal vertex algebra with conformal vector vy Then U ®V \s & conformal vertex 
algebra with conformal vector \Q)u (g) vy- This makes the category of conformal 
vertex algebras a module over the category of vertex algebra. Of course when U is 
also conformal with conformal vector vjj, then we can take vjj ® \Q)v -\- \0) u ® vy 
to be the conformal vector oi U ®V . Similarly for iV = n superconformal vertex 
algebras. 

3.2. Vertex algebras bundles. Let ^ be a vertex algebra, denote by A\xi{V) the 
automorphism group of V . Let M be a smooth topological space, a vertex algebra 
bundle with fiber V over M is a vector bundle it : E ^ M with fiber V such that 
the transition functions lie in Aut(y). Similarly define conformal vertex algebra 
bundles and superconformal vertex algebra bundles. When M is a smooth manifold 
or a complex manifold, one can also define smooth or holomorphic vertex algebra 
bundles. 

Remark 3.1. Given a vertex algebra V, it is interesting to construct a universal 
vertex algebra bundle V By with fiber V such that every other vertex algebra 
bundle E ^ M with fiber V can be obtained by pulling back along a continuous 
map f : M By- 

Lemma 3.1. Given a vertex algebra bundle E —> M, the space E{M) of sections 
has an induced structure of a vertex algebra. Similarly for (charged) conformal 
vertex algebra bundles and superconformal vertex algebra bundles. 

Proof. Since the vacuum |0) is preserved by the automorphisms, it defines a section 
which we denote by |0)a/. Given two sections A and B, the assignment 

X E M ^ A{x)(^n)B{x) 

defines a section denoted by A(„)i?. It is straightforward to check that 

y(A,z)i? = ^A(„)Bz-"-i 

n6Z 



SUPERCONFORMAL VERTEX ALGEBRAS IN DIFFERENTIAL GEOMETRY. I. 



9 



then defines a structure of a vertex algebra on E{M). □ 

3.3. Differential vertex algebras and their cohomology algebras. A deriva- 
tion of degree fc on a vertex algebra y is a linear map S : V V oi degree k such 
that 

5(a(„)6) = (5a)(„)6+ (-l)'=l°la(„)(56) 

for all a e y, 71 e Z. A differential is a derivation d of degree 1 such that d^ — 0. 
One can easily extend the above definitions to conformal vertex algebras and N — n 
SCVA's. For example, in the case of conformal vertex algebras, a derivation is 
required to annihilate the conformal vector ly. 
We omit the routine proof of the following: 

Lemma 3.2. Given a differential d on a vertex algebra V , Kerd is a vertex suhal- 
gehra ofV, Imc? is an ideal o/Kerd. Hence the cohomology H(V,d) — Kerd/Imd 
is a vertex algebra. We have similar results for (charged) conformal vertex algebras 
and N = n SCVA 's. 

3.4. if -theories of vertex algebra bundles. The isomorphism classes of vertex 
algebra bundles on a topological space X form an abelian monoid under the di- 
rect sum. Denote by K'"°'{X) the Grothendieck group of this monoid. The tensor 
product induces a structure of a ring on this group. We can similarly define K the- 
ory of conformal vertex algebra bundles, charged conformal vertex algebra bundles, 
and N — n superconformal vertex algebra bundles. We denote them by if™" (AT), 
A'^™°(A), and respectively 

Remark 3.2. The K theories of infinite dimensional vector bundles were introduced 
by Liu 1^ in the search of geometric constructions of elliptic cohomology. The 
bundles of vertex algebras have been used by Tamanoi p^ . Our construction is 
partly inspired by their work. 

We restrict our attentions to conformal vertex algebra bundles such that in each 
fiber Lq is diagonalizable with finite dimensional eigenspaces. For such bundles, we 
consider 

n 

where Ec^ji^ is the subbundle of elements of central charge c„ and conformal weight 
hn- This extends to a homomorphism of the corresponding if-theories. For an 
= 2 SCVA bundle E, we also define 

n 

where Ec„.h„.j„ is the subbundle of elements of central charge c„, conformal weight 
hn, and U{1) charge j„. This extends to a homomorphism of the corresponding 
AT-theories. 

4. A^ = 1 SCVA BUNDLE FROM A RiEMANNIAN MANIFOLD 

4.1. A^ = 1 SCVA from a vector space with an inner product. Let T be a 

finite dimensional complex vector space with an inner product g : T ®T C The 
space 

B{T,g) = S{®n<of'T) = ®n>oS{t-^T) 
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is spanned by elements of the form 

... 

31 -L Jm -L ' 

where a^, - ■■ ,a"^ gT, and for any a G T, n G Z, an = f^a. For any a gV, define 
a field on B{T, g) by 

nez 

where for n < 0, a(„) is symmetric product by a„; for n > 0, a(„) is n times the 
contraction by a_„. Similarly, the space 

F{T,g)Ns = A{®n>ot-''+^T) = «)„>oA(i-"+5r) 
is spanned by elements of the form 

Jl 2 Jm. 2 

where (/)\ • • • , 0™ e T, ji,--- ,j„j > 0. For (j) G T, (?i_„+i stands for t-'^+icj). 
Define a field 

re|+z 

where for r < 0, is the exterior product by (ji^; for r > 0, (p^r) is the contraction 

by 

Proposition 4.1. faj T/iere is a structure of conformal vertex algebra on B(T,g) 
defined by 

y{a\j,-i ■ ■ ■ a"^j^_i,z) =: d^^'^a\z) ■ ■ ■ d^^^^a^'iz) : 
for a^, - ■ ■ , a™ gT and ji , • • • ,jm > 0, with conformal vector 



2 ^ 

of central charge c = dimT, where {a*} is an orthonormal basis of T . 

(b) There is a structure of a conformal vertex algebra on F{T,g)NS defined by 

Jl 2 Jm 2 

for 4>^ ■ ■ , (j)™ G T and integers ji, • • • ,im > 0, with conformal vector 

2 2 2 

o/ central charge c = ^ dimT, where {^'} is an orthonormal bases ofT. 

(c) The tensor product V{T,g) = B{T,g) O F{T,g)NS is an N = 1 SCVA of 
central charge | dim T with 



2 

T 



where {e*} is an orthonormal basis ofT, and we write it as {a*} for the copy ofT 
in B{T,g), and as {cj/} for the copy ofT in F{T,g)NS- 



Remark 4.1. It is clear that vb^ vp and v are independent of the choice of the basis. 
Furthermore, 0{T,g) acts on B{T,g), F{T,g) and V{T,g) as automorphisms. 
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4.2. = 1 SCVA bundles from Riemannian manifolds. For any Riemannian 
manifold {M,g), we consider the principal bundle 0{M,g) of orthonormal frames. 
Pick a point x G M. The structure group of 0{T,g) is 0{TxM, g^), which acts on 



V{TxM 1^ C, g iSi C) by automorphisms. Applying Proposition 4.1, Remark 4.1 and 



Lemma 3.1, we get the following: 

Theorem 4.1. Let {M,g) be a Riemannian manifold. Then 

V{TM (»C,g(»C)NS= (»„>oA(t-"+5rAf «) C) «)„>o Sir'^TM (g) C) 

is an N ^1 SCVA bundle, hence T{M,V{TM,g)Ns) is an N = 1 SCVA. 

The bundle V{TM ^C,g ^ C)ns has appeared in the theory of elliptic genera. 
It is easy to see that 

GgiViTM (g)C,g(g>C)NS = q~'^ ®n>o S'g- [TM ® C) ®„>o A „_ i (TM (g) C) 
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(cf. Witten Q, (27)). A related formal power series 



q — — (E)n>oSq^{TM (g)C)(g)n>oA „_i{TM(g)C) 

—q 2 



(cf. Liu [po|) can be obtained by introducing an operator (— 1 



4.3. Riemannian manifolds of special holonomy groups and extended su- 
persymmetries. By a theorem of Bcrgcr |^ (see also Simons |3^), the local ho- 
lonomy groups of a nonsymmetric Riemannian manifold can only be 0{n), SO{n), 
U{n/2), SUin/2), Sp{n), Sp{n)Sp{l) G2 and Spin{7). As is known to the physi- 



cists, the iV = 1 SCVA in Theorem 4.1 can be extended for Riemannian manifolds 
of special holonomy groups. We will briefly indicate how this is done in the case of 
G = G2 and Spin{7) in this section (cf. Shatashvilli-Vafa ||3C|]). 

Denote by p : G2 ^ 0{M7) the holonomy representation of G2, and let {e* : i = 
1, • • • ,7} be an oriented orthonormal basis of with standard Euclidean metric 
go. Then the G2 preserves the following exterior form: 

$ = e^Ae'^Ae^+e^/\e^Ae^+e^Ae'^/\e'^-e'^Ae^/\e'^+e'^Ae*/\e^~e^/\e^/\e^+e^/\e^Ae'^. 

Now regard $ as an element of A(t^5C^) in V{C'^,go (E) C) and consider the field 
$(2;). More fields can be found by computing the OPE's. For examples, 

[z — W)'^ z — w 

where 

X = A(/)2_i A?!)ii A(/)ii +0^1 A02_i A0li A0Li 

2222 2222 

-4>\i A 4>^^i A 4^li A + A 0i 1 A A 0S 

2222 2222 

A 0ii A A 0S - (/.^ 1 A 0l 1 A 0ii A 

2222 2222 

A A A(f>1i ~ -0_3 0_i . 
2 2 2 22^^ 

Except for the last term, X corresponds to *<!>. Two more states, K and M, can be 
found by taking the OPE's of $(z) and X{z) with G{z) respectively. A remarkable 
fact is that the six states i/, t, <I>, X, K, and M generates a vertex algebra 
which is an extension of the N = 1 Neveu-Schwarz algebra (cf. Shatashvilli-Vafa 
, Appendix 1). Furthermore, it is easy to see that all these vectors are preserved 
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by the G2-action induced by the holonomy representation. Let {M'' ,g) be a Rie- 
maniann manifold with holonomy group G2. Then there is a local trivialization of 
TM such that the transition functions lie in G2- As a consequence, each of these 
states induces a section in the bundle V{TM ® €.,g ® <C)mSi hence Vq^ also acts 
on T{M,V{TM C, g ® C)ns)- The case oi Spin{7) is similar. 

4.4. The case of quaternionic Kahler manifolds. A quaternionic Kdhler man- 
ifold of dimension > 4 is Riemannian manifold with holonomy group Sp{n)Sp{l) 
(cf. Salamon |^). Let {M,g) be quaternionic Kahler manifold, then there is a 
three dimensional subbundle E C A^(T*M) preserved by the Levi-Civita connec- 
tions, such that locally one can find a basis {wi, 0^2, W3} corresponding to three local 
almost complex structures Ki, K2, with K1K2 — —K2K1 — K3. The 4-form 

n = 2^^'^ A (jJi + 0^2 A CJ2 + A UJ3) 

is globally well-defined and parallel. Conversely a Riemannian manifold admiting a 
parallel 4-form locally of this form is a quaternionic Kahler manifold. Regard as 
an element in T{M, A'^{t~iTM (g)C)) C r{M,V{TM (g)C, g(E)C)Ns)- It can also be 
regarded as an element h of r(M, S^(t-iTM'g)C)<SiA^{t^^TM<g)C)). Calculations 
by Wick's theorem in each fiber show that we have 



L{z)n{w) 

G{z)n{w) 
L{z)n{w) 
G{z)n{w) 



{z — wY z ~ w 

3n{2n+l) -4f^(w) + 3n(2n + l)Li?(w) 

(z — w)^ [z — w)^ 

d^i-miw) + 3n{2n + l)LF{wj) 



2{z-w) 



n{w) 



— w 



{z — w)^ z — w 



{z — wY z — w 



where Lp{w) = Y{i/p,'w). The OPE's ^l{z)n{w) and il{z)n{w) are very compli- 
cated. We will not pursue it here. 



5. = 2 SCVA BUNDLES FROM COMPLEX MANIFOLDS 

5.1. N = 2 SCVA's from a space with an inner product and a polarization. 

A polarization of a vector space T with an inner product g is a decomposition 
T = T'®T", such that 5(01, a2) = gibiM) = 0, for ai,a2 € T' , 61,62 S T" . Given 
a polarization T = T' (BT" of {T,g), it is easy to see that g induces an isomorphism 
T" = (r')*. In particular, this implies that a vector space with an inner product 
is even dimensional if it admits a polarization. 

From now on we assume that {T,g) admits a polarization T = T' Q) T" . Then 

F{T,g)NS = ®„>oA(i-"+^r') ®„>o A(i-"+5r"). 
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Consider also the space 

^^(r, g)R = A(e„>ot-"r') ® A(e„>ot-"T") 

= A(T') ®„>o A(<-"T') ®„>o A(t-"T") 

Notice that A(r') is isomorphic to the space A(T) of spinors of {T,g). So wc can 
also write 

F(T,.g)fl, = A(T)®„>oA(i-«r). 

Let {(y5*} be a basis of T', {V'*} a basis of T", such that uj{lp'' — 5ij. Then 
F{T,g)]^ has a basis consists of elements of the form: 

where fci, • • • , k^,, hr ' ' Jn > 0. In the NS case, set 

where for r < 0, and ip'f^^^ are exterior products by (pi and ■0^ respectively, for 
r > 0, (/s*^^^ and -0^^^ are contractions by p^_^ and ip^_^ respectively; in the R case, 
set 

nez nez 

where for n < 0, 

Similar to Proposition 4.1, wc have the following the following: 

Proposition 5.1. Let {T,g) be a finite dimensional complex vector space with a 
polarization T = T' ® T" . Also let {e*} and {/-'} be bases of T' and T" such that 
5(2*1/"') = ^ij- Write these bases as {6*} and {c^} respective for the copies of T 
in the bosonic sector, and as {(f^} and {0*} for the copies of T in the fermionic 
sector. 

(a) There is a .structure of a vertex algebra on F{T,g)Ns defined by 
Furthermore, for any X G C. 

= {i-x)ypi,^pii +xyij'_s(pii 

^ ^ 2 2 ^ ^ 2 2 

i i 

is a conformal vector of central charge 

-(6A2 - 6A + l)dimr. 

Simlarly for F{T,g)R. 

(b) There is a structure of is an N — 2 SCVA of conformal weight |dimr 
on V(T,g)Ns — FiT,g)Ns B{T,g) with superconformal structures given by the 
following vectors: 

r+ r-=ycl,(pl,, 

i i 
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Similarly for V{T, g)ii = F{T,g)ji® B{T, g) withip-'_^i and (f'_^ replaced by Lp^ and 

2 2 

Lp''_i respectively, and4'''_i and replaced by 'ip''_^ and 'ip''_2 respectively. 

2 2 

Remark 5.1. It is clear that all the vectors in Proposition are independent of 
the choice of the bases. Denote by GL{T') the group of linear transformation on 
T. Since T" ^ (T')*, there is an induced action of GL(T') on T", hence GL{T') 
acts on T, preserving g. This action extends to actions on F{T,g)Ns a-nd F(T,g)fi 
as automorphisms of vertex algebras, and to actions on V{T,g)Ns a-nd V(T,g)ii as 
automorphisms of iV = 2 SCVA's. 



For later use, we remark that in V{T' © T" , g)ii, 
hence 

(19) G,,y{V{T,g)„) 

= q-^^n>oA , „ 1 (T') (8)n>o A „ i(r")(»„>o5,n(T')®„>o 

y q ^ yq 'i 

In the A twist we have 

jr&^_i=o, jrc-i=o, j*°v-„+i = -^0, jrc„=Ci, 

hence 

(20) G,,,(F(T,5)«) 

= (E)n>Q Ay-iq^ {T') ®„>o A;;g..-i (T") ®„>o 5,. (T') 0„>o 5,. (T"). 

Similarly, in the B twist we have 

Tobl„^nbl„ Tod^^ncl^, To^l^+^ ^ (n - 1)^1 TqV/ „ - ti^-i, 

•^0 "-1 ~ ^' "^0 "^-1 ~ ^' -^0 f-n+1 — YO^ -^0 r-ra — V-1j 

hence 

(21) G,,,(\^(T,5)^) 

= ®„>o Ayg,.-i (T') ®„>o Ay-i,„ (T") ®„>o (T') ®„>o (T"). 

Similar to Theorem 2.4 in Malikov-Schechtman-Vaintrob |2^, we have the fol- 
lowing: 



Theorem 5.1. (a) For the N ^ 2 SCVA V(T' ® T",g)NS m Proposition ^ the 
topological vertex algebras obtained by A twist and B twist (cf. Proposition 2.1) 
both have trivial ERST cohomology. 



(b) For the N ^ 2 SCVA V{T' ® T",g)R in Proposition 5.1, the ERST co 



homology of the topological vertex algebras obtained by A twist and B twist ( cf. 



Proposition 2A) are isomorphic to A{T") and A{T') as graded commutative alge- 



bras respectively. 
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Proof, (a) Let Qo be the zero mode of Q{z) — G+(z). We have 

n<0 i n>0 i 

Since fog ^^ts as 0, we actually have Qo — Q- + Q-\-^ where 

n<0 2 n>0 i 

It is easy to see that — [Q-, Q+] = Q\ = 0, hence we get a double complex and 
two spectral sequences with Ei term the Q^-cohomology and the Q_-cohomology 
respectively (cf. Bott-Tu §). Now 

Vns[T,9) 

= (8) (A(t""+^T') ® 5(t-"r")) ® (g) (A(t-"+5r") ® sit-'^T')^ . 

n>0 n>0 

On the first factor, acts as the differential in the tensor product of infinitely 
many copies of Koszul complexes, while (5+ ^-cts trivially; on the second factor, 
acts trivially, while Q+ acts as the differential in the tensor product of infinitely 
many copies of algebraic de Rham complexes of V. The proof is completed by 
taking cohomology in then in Q+. The case of Q{z) = G^{z) is similar, 
(b) Similarly in the case of Q{z) = G+(z), we have Qo = Q- + Q+i where 

Q- = EE^"^-"-i' Q+ = EE^-"-i^"- 

n<0 i n>0 i 

Again we have = Q+] = Q\_ = 0. Now 

VRiT,g) = (g) (A(i-«+ir') ® ^^"r")) 

n>0 

® (^(*~""'^") ® S{t-"T')) ® A{t-^T"). 

n>Q 

Similar to (a), one sees that cohomology in Q is A{t^^T"). Now any element of 
A{t-^T") is of the form 

V'i\---V'i"i 

for some ji, ■ • • , jn. It corresponds to the field 

: (z) • • • ij^" (z) : . 
Given two elements ip-'^i ■ ■ ■ ip-!^i and ip'^-^ ■ ■ ■ ip'^ , by Wick's theorem, we have 

= : V^'i (z) • • • V'^" {z)ip''^ (z) • • • V'*'" (z) : . 

Hence on the Qo-cohomology, the product induced from the normally ordered 
product is isomorphic to the ordinary exterior product on A{t~^T"). The case 
of g(z) = G- (Z) is similar. □ 
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5.2. N = 2 SCVA bundles from complex manifolds. Let {M, J) be a complex 
manifold. Denote by TcM the holomorphic tangent bundle. The fiberwise pair- 
ing between TcM and T*M induces a canonical complex inner product rj on the 
holomorphic vector bundle TcM ® T*M with a manifest polarization T' = TcM, 



T" — TcM. By construction of Proposition 5.1 and Remark 5.1, we obtain an 
iV = 2 SCVA bundle V{TcM ® T*M,r])R. Since this bundle is holomorphic, one 
can consider the d operator on it: 

B : n^-*{V{TcM ®T*M,ri)R) n"-*+\V{TcM ®T*M,'n)R). 

Theorem 5.2. For any complex manifold M, fl°'*{V{TcM®TcM, ri)^) has a nat- 
ural structure of an N = 2 SCVA such that d is a differential. Consequently, the 
Dolbeault cohomology 

H*{M,V{TcM(BT*cM, r])R) 
is an N — 2 SCVA; furthermore, the BRST cohomology of its associated topo- 



logical vertex algebras (cf. Proposition 2.1) is isomorphic to H*{AI, A{TcM) or 



H* [M , K(Tc M)) depending on whether we take Q{z) — G^{z) or G~{z). Similar 
results can he obtained for ViTcM TcM, ri)]^s- However the BRST cohomologies 
are trivial for the corresponding Dolbeault cohomology. 

Proof. We regard A(Tc M) as a bundle of holomorphic vertex algebra, therefore, 
V{TcM © T*M,t])r (g) A(T;*M) has a natural structure of an iV = 2 SCVA. By 



Lemma 3.1, the section space 

r(M, ViTcM ® r;M, ry)^ ® A{Tc*M)) 

is an A = 2 SCVA. One can easily verify that 9 is a differential by choosing a 
local holomorphic frame of TcM. It follows from Lemma |3^ that H*{M, V{TcM ® 
T*M, r])R) is an A = 2 SCVA. Notice that on r(M, V{TcM®T*M, rj) R(g) A{tT M)) 
two operators d and Qo act such that 

= [B, Qo] - - 0. 

In the above we have taken the 9-cohomology first, then take the Qo-cohomology. 
We can also do it in a different order. By Theorem the Qo-cohomology is 
A(TcM) or A(T*M), its 9-cohomology is the Dolbeault cohomology. This completes 
the proof. □ 



As in A = 1 vertex algebra bundle in the Riemannian case (cf. p.2| ), V{TcM © 
TcM,7])r is related to the elliptic genera. By ( |l9| ) we have 

Gq,yiV(TcM®T:M,r])R) 
= ®n>oA ^ „ 1 (T,M) ®„>o A „ i(T;M)®„>o5g.(r,M)®„>o^,..(r;M). 

y q ^ yq ^ 

By ( |20| ) we see that in the A twist we have 
Gg,yiViTcM(BT:M,7j)R) 
= ®„>oAy-i,„(r,M) ®„>o Ay,„-i(r;M) (8„>o Sq^{TcM) ®„>o Sq^{T*M) 
(cf. Hirzebruch 10, (16)), while in the B twist we have 
Gq^y{V{TcM®T:M,ri)R) 
= (^„>oAy,„-i(r,M) ®n>o Ay-ig^iT*M) (g)„>o Sq^{TcM) 0„>o Sqr.{T*M) 
(cf. Dijkgraaf al. [|o|, (A.8)). 
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5.3. N = 2 SCVA bundles from Kahler manifolds. Assume that {M, J, g,uj) 
is a Katiler manifold. In the decomposition TM (g) C = T'M ® T"M, where T'M ^ 
TcM, T" M = T'M = TcM . The Kahler metric induces an isomorphism of complex 
vector bundles: T" M = T*M . Under this isomorphism, the complexified metric gc 
can be naturally identified with the complex canonical inner product rj on TcM © 
T*M used above. Hence we have 

V{TM ®<C,g®C)R'^ V{TcM © T;M, ry)^. 

Using the (0, l)-part of the Levi-Civita connection, a d operator can be defined on 

n°'*{V{TM ®C,g®C)). 

It is naturally identified with the d operator on n°'*{V{TcM © T*M,t])r). Hence 
we have the following analogue of Theorem for V{TM (g) C, g C)^^ in the case 
of Kahler manifolds: 

Theorem 5.3. For any Kahler manifold M, f]"'*(y(TM(g)C, g^Qn) has a natu- 
ral structure of an N — 2 SCVA and a differential d. Consequently, the cohomology 

H*{T{M, V{TM (g)C,g(g> C)^), 9) 

is an N — 2 SCVA; furthermore, the BRST cohomology of its associated topo- 



logical vertex algebras (cf. Proposition 2A) is isomorphic to H*{M,K{TcM) or 



H*{M,A{T*M)) depending on whether we take Q{z) = G^{z) or G^{z). Similar 
results can be obtained for V{TM iSiC, g(S 'C)ns- However the BRST cohomologies 
are trivial for the corresponding Dolbeault cohomology. 

5.4. Extended N — 2 SCVA's from Calabi-Yau manifolds. When the Kahler 
manifold (M", g, J) is Calabi-Yau and has holonomy group SU{n), then the N = 2 
supersymmetry of the N — 2 SCVA's constructed in §^.3| can be extended to 



algebras described in Odake |25 (see also Figueroa-O'Farill When n — 2, 

this manifold is also a hyperkahler manifold for which we will discuss the = 4 
supersymmetry below. Recall that there is a nonzero parallel holomorphic n-form 
on M. Without loss of generality, we can take local parallel orthonormal frame 
{e^} of (T'M)*, such that 

cj = ^e*Ae\ f7 = ei A---Ae". 

i 

Let 

n 

X+(z) =: ^i(z) • • • riz) :, Y+{z) = ^^(-ir ^ : c'"(z)^i(z) • • • ^ • • • 

n 

X-{z) =: ^\z) ■ ■ ■ ^^{z) :, Y-{z) = ^(-ir^ : V {z)v\z) ■ ■ ■ ■ ■ <^"(z) : . 
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Then X^{z) and F±(z) are globally well-defined sections of V{TM (g) C, g (g) C)ns 
or V{TM g)C,g g) C)u- By fiberwise calculations by Wick's theorem, we get 

Tf \v±f \ nX^{w) ± nX{w) 

L{z)X^{w)^— J[z)X^{w)r^± , 

2(z — wY z — w 



G+{z)X+{w) - 0, G-{z)X+{w) 



2{z — wY ' z ~ w 

Y+{w) 



z — w 



nX+{w) ^ d^X+{w) 
{z — wY z — w 
G+{z)X-{w) ^Y-{w), G-{z)X+{w) ^0, 

[Z — Ulj^ z — w 

X^{z)X^{w) - X^{z)Y^{w) - - 0. 

Hence {L(z), J(z), G^(z), y+(2;)} generate a vertex subalgebra. Similarly 

for {L{z),J{z),G^{z),X-{z),Y-{z)}. When When n = 2, we also have 

X+{z)X-{w)^--^-^, 
[z — w)'' z — w 

x+iz)Y-H^^, x-(z)y+H^^, 

z — w z — w 

Y^iz)Y-M ^ ' + + LH+^,O.JH _ 

(z — W)"^ [z — W) z — w 

Hence {L{z), J{z), G^{z),X^{z), Y^{z)} generate a vertex subalgebra. When n = 
3, we have 



X+{z)X-{w) 
X+{z)Y-{w) 



J{w) : J{w)J{w) : —du)J{w) 



[z — wY {z — wY 2(z — w) 

G+{w) : J{w)G+{w) : 



(z — wY 

- wY 

+ , . . . -3 2J{w) \:J{w)J{w):+L{w)-d^J{w) 



X-iz)Y-M ^ _GZ(u^^:JHG-H-- 
(z — w)^ z — w 



Y+{z)Y-{w) 



{z — wY {z — w)'^ (z — wY 



The calculations for bigger n is similar but more complicated. (See [ p^ for results 
when n — 4.) 



6. 4 SCVA'S FROM HYPERKAHLER MANIFOLDS 

6.1. Definition of an iV = 4 SCVA. The "small" = 4 superconformal algebra 
was introduced by AdemoUo et. al. Here we adapt the notations in Berkovits 
and Vafa Q. Recall that the small A^ = 4 superconformal algebra is the N — 2 
superconformal algebra {L,G^,J) with two additional currents and J of 
charge ±2, and two supercurrents G+ and G^. Besides the OPE's of the N — 2 
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superconformal algebra, the following additional OPE's are required: 

L{z)G [w) — H , J[z)G [w) ~ , 

2 [z — wy z — w z — w 



z — w 

c J{w) 



(z — wY z — w z — w 



J--{z)J++{w) ~ - + J^iz) ■ J±H ~ 0, 

3[z — w)-' z — w 

J (z)G^[w) J^^(z)G (w) ~ ^ — , 

z — w z — w 

J++(.)G-H~^, J-iz)G-H-^^, 
z — w z — w 

J—{z)G-{w) ~ J++{z)G+{w) ~ J++{z)G+{w) ~ J—{z)G-{w) ~ 0, 

G+{z)G-{w) ~ G-{z)G+{w) ~ 0, 

. 2c , J{w) , L{w) + ^d^J{w) 

G^[z)G [w) — ^3 + 7 To"! , 

3{z — wy {z — wy z — w 

G+{z)G+iw) ~ 



, _ 2J++H d^J++{w) 



G-{z)G-{w) 



{z — wy z — w ' 

2J—{w) _ d^J—{w) 

{z — wy z — w ' 



An N = 4 superconformal vertex algebra is a vertex algebra V with vectors v, 
r"^, f"^, j, i++ and j~ such that = Y{u,z), = F(r±,^), = 

y(f±,z), J(z) = Y{j,z), J++(z) = and J--{z) = Y{j—,z) generates 

an A?^ = 4 superconformal algebra. 



6.2. A'^ = 4 SCVA from a quternionic vector space. Let {T,g) be a 4n- 
dimensional real vector space with three almost complex structures Ki, and 
which are compatible with metric and such that K1K2 = —K2K1 = K3. Such a 
space will be referred to as a quaternionic vector space. Consider the polarization 
T O C = T' e T", where Ki\t' = V^, Ki\t" = -v^- Choose an orthonormal 
basis of T of the form {a', d , rf*}, where 6' = K\a^ , d = K2a^, = K^a^. Let 

^/2 ^/2 
V2 V2 

Then {e'} is a basis of T', and {e*} is a basis of T", such that g{e^, e^) = e-') = 
0, g{e^,e^) = Sij. As usual, these bases will be written as {6*} and {c*} for the 
copies in the bosonic sector, as {1^*} and {tp^} for the copies in the fermionic sector. 
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Proposition 6.1. Let (T, g, Ki, K2, K3) be as above. Then V{T, g)NS has a struc- 
ture of an N — A SCVA of central charge | dimT given by the following vectors: 

dimT/2 

Z 2 2 Z 2 2 

i=l 

dimT/2 dimT/4 

1=1 1=1 

dimT/4 dimT/4 

/'^2i-l /,2i 2i j,2i-l\ ~- ^i,2i-l,„2i i2i ,„2i-l\ 

— ^ 2 2 ^ — ^ 2 2 

j=l 1=1 

dimT/2 dimT/4 dimT/4 

I ^ 2 2 f ^ 2 ^ f ^ 2 2 

z=l 'i=l i=l 

Similar result holds for V{T,g)ii with ip-' 1 and ip^ 3 replaced by ipl and (p-'_, re- 

2 '2 

spectively, andip''_i andip-'_3 replaced by and ijj-'_2 respectively. 

2 2 

Remark 6.1. It is easy to see that the vectors in Proposition |6.]| are independent 
of the choice of the basis. Furthermore, Sp{n) acts by auotmorphisms of = 4 
SCVA. 

6.3. = 4 SCVA bundles from hyperkahler manifolds. We now generalize 
the results in §5.3. Let {M'^", g, Ki, K2, K^) be a hyperKahler manifold. Then it 



is possible to find trivializations of TM such that all the transition functions lie in 



Spin). By construction of Proposition 6.1 and Remark 6.1, we obtain an TV = 4 



SCVA bundle V(TMi^<C, g®C)R. Similar to the argument in §5.3, one can consider 
the operator on it: 

Bk, ■■ n"^*{V{TM <»C,g<»C)R) f^°'*+^(y(TAf ®C,g® C)k). 

Theorem 6.1. For any hyperkahler manifold M, Vl°'*{V{TM ®iC,g®<C)ii) has a 
natural structure of an N = A SCVA such that Dki is a differential. Consequently, 
the Dolbeault cohomology 

H*iM, V{TM ®<C,g® C)^,) 

is an N — A SCVA; furthermore, the BRST cohomology of its associated topo- 
logical vertex algebras (cf. Proposition \2.\ ) is isomorphic to H*(M,A{TcM)) or 
H* {M, A{T* M)) depending on whether we take Q{z) — G^{z) or G~{z). Similar 
results can be obtained for V{TM (^C,g(^<C)NS- However the BRST cohomologies 
are trivial for the corresponding Dolbeault cohomology. 

7. Relationship with loop spaces 

Our work is inspired by Vafa's suggestion of an approach to quantum coho- 
mology based on vertex algebra constructed via semi-infinite forms on loop space. 
Recall that a closed string in a manifold M is a smooth map from S^ to M. The 
space of all closed string is just the free loop space LM. Though extensively studied 
in algebraic topology, earlier researches mostly dealt with the ordinary cohomology 
of the loop spaces. Experience with infinite dimensional algebra and geometry (cf. 
Feigen-Frenkel Q and Atiyah [Q) tells us that we should look at the cohomology 
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theory related to semi-infinite forms on the loop space instead. The space of such 
forms has a natural structure of a vertex algebra being the Fock space of a natural 
infinite dimensional Clifford algebra. Vafa suggested to look at the multiplication 
in this vertex algebra. We regard this multiplication as an infinite generalization 
of the Clifford multiplication and recall that in the finite dimensional case the Clif- 
ford multiplication is a deformation of the exterior multiplication on the exterior 
algebra. Therefore such considerations give rise to the possibility of deforming the 
cohomology group. Vafa suggested to proceed as follows. The constant maps give 
an embedding M ^ LM. The idea then is to relate the space of differential forms 
on M to a subset of those on LM, take the multiplication there and return to the 
setting on M. 

We now give a heuristic justification based on localization in equivariant theory, 
following the beautiful ideas of Witten in his approach to index theory and ellip- 
tic genera . Recall that there is a natural action of on LM given by rotations 
on the fixed point set is exactly the set M of constant loops. Using Fourier series 
expansion, one sees that the complexified tangent space of LM restricted to M has 
the following decomposition; 

TLM\m ® C rTM (g) c. 

nGZ 

The bundle of semi-infinite form on LAI restricted to M is 

A^+*{LM)\m = A(e„<ot"T*M). 

When M is endowed with a Riemannian metric, A^^* {LM)\m is a bundle of 
conformal vertex algebras that contains A(T*M) as a subbundle. This construction 
can be extended to LM. Now pretend that the exterior differential d has been 
defined on LM, we want to consider its localization to M. Witten's work on Morse 
theory and its generalization by Bismut |^ suggest that d on LM should localize 
to d on M tensored by an algebraic operator on the part that comes from the normal 
bundle. So on the space of semi-infinite forms restricted to M , we should consider 
the coupling of d on M with the BRST operator on the fiber. Unfortunately the 
author does not know how to do this. Nevertheless, we can couple the Dolbeault 



operator with the BRST operator when M is complex as in §5.2, §5.3, and §3.3. 

So far we have only talked about the fermionic part of the Hilbert space men- 
tioned in §2 of pq]. To get the bosonic part hence the supersymmetry, we use 



the language of supermanifolds (Kostant |17 ). Recall that a supermanifold is an 
ordinary manifold M together with a Z2-graded structure sheaf. The even part of 
the structure sheaf is the sheaf of C°° function on AI, while the odd part is the 
sheaf of sections to the exterior bundle A{E) of some vector bundle E on M. The 
super tangent bundle of {AI, E) is a upper vector bundle 

T{AI,E) =TM®E*, 

where TM is the even part, E* is the odd part. And the differential forms on {AI, E) 
are just sections to A(T*M) (g) S{E). A canonical choice for E is the cotangent 
bundle T*M, then we get a supermanifold which corresponds to A{T*AI). The 
supertangent bundle of {M, T*M) is just 

T{M, T*AI) = TM ® UTM, 

where HTM means a copy of TM regarded as an odd vector bundle. We now 
consider the super loop space L' M = Map{S^, {AI,T*M)) and regard {M,T*M) 
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as the fixed point set of the natural circle action. We have 

The bundle of semi-infinite form on L^M restricted to {M,T*M) is 

A^+*(L^M)|(M,T.M) = A(®„<orT*M) ® S{e„^jrT*M). 

This explains the choice of the vector bundles on M for which we construct struc- 
tures of superconformal vertex algebra bundles. 

Acknowledgment. The work in this paper is done during the author's visit 

at Texas AhM University. He appeciates the hospitality and the financial support 
of the Department of Mathematics. He thanks Catherine Ya.n for helps on vertex 
algebras. Special thanks are due to Huai-Dong Cao and Weiqiang Wang for their 
useful comments on an earlier version. 

References 

M. AdemoUo, L. Brink, A. D'Adda, R. D'Auria, E. Napolitano, S. Sciuto, E. Del Giudice, 
P. Di Vecchia, S. Ferrara, F. Gliozzi, R. Musto, R. Petorino, Supersymmetric strings and 
colour confinement, Phys. Lett. 62B (1976), no. 2, 105-110. 

L. Alvarez-Gaume, D.Z. Freedman, Geometrical structure and ultraviolet finiteness in the 
supersymmetric a-model, Comm. Math. Phys. 80 (1981), no. 3, 443—451. 

M. Atiyah, Circular symmetry and stationary-phase approximation, Colloquium in honor of 
Laurent Schwartz, Vol. 1 (Palaiseau, 1983). Astcrisquc No. 131 (1985), 43-59. 
M. Atiyah, New invariants of 3- and A-dimensional manifolds. The matlicmatical heritage of 
Hermann Wcyl (Durham, NC, 1987), 285-299, Proc. Sympos. Pure Math., 48, Amer. Math. 
Soc., Providence, RI, 1988. 

M. Berger, Sur les groupes d'holonomie homogene des varietes d connexion ajfine et des 
varietes riemanniennes. Bull. Soc. Math. France 83 (1955), 279-330. 

N. Berkovits, C. Vafa, N = 4, topological strings. Nuclear Phys. B433 (1995), no. 1, 123-180. 
M. Bershadsky, S. Cecotti, H. Ooguri, C. Vafa, Kodaira- Spencer theory of gravity and exact 
results for quantum string amplitudes, Coriiiu. Math. Phys. 165 (1994), no. 2, 311—427. 
J.-M. Bismut, The Witten complex arid the degenerate Morse inequalities, J. Differential 
Geom. 23 (1986), no. 3, 207-240. 

R. Bott, L.T. Tu, Differential forms in algebraic topology. Graduate Texts in Mathe- 
matics, 82. Springer- Verlag, New York-Berlin, 1982. 

R. Dijkgraaf, G. Moore, E. Verlinde, and H. Verlinde, Elliptic genera of symmetric products 
and second quantized strings, Commun. Math. Phys. 185 (1997) 197-209. 
T. Eguchi, S.-K. Yang, N = 2 superconformal models as topological field theories, Modern 
Phys. Lett. A 5 (1990), no. 21, 1693-1701. 

B. Feigin, E. Frenkel, Semi-infinite Weil complex and the Virasoro algebra. Comm. Math. 
Phys. 137 (1991), no. 3, 617-639. 

,T.M. Figueroa-O'Farrill, Extended superconformal algebras associated with manifolds of ex- 
ceptional holonomy, Phys. Lett. B 392 (1997), no. 1-2, 77-84. 

F. Hirzebruch, Elliptic genera of level N for complex manifolds. In: Differential geometrical 
methods in theoretical physics (Como, 1987), 37-63, NATO Adv. Sci. Inst. Ser. C: Math. 
Phys. Sci., 250, Kluwer Acad. Publ., Dordrecht, 1988. 

P.S. Howe, G. Papadopoulos, Holonomy groups and W -symmetries, Comm. Math. Phys. 151 
(1993), no. 3, 467-479. 

V.G. Kac, Vertex algebras for' beginners. Second edition. University Lecture Series, 10. Amer- 
ican Mathematical Society, Providence, RI, 1998. 

B. Kostant, Graded manifolds, graded Lie theory, and prequantization. Differential geometri- 
cal methods in mathematical physics (Proc. Sympos., Univ. Bonn, Bonn, 1975), pp. 177-306. 
Lecture Notes in Math., Vol. 570, Springer, Berlin, 1977. 

W. Lerche, C. Vafa, N.P. Warner, Ghiral rings in N = 2 superconformal theories. Nuclear 
Phys. B 324 (1989), no. 2, 427-474. 



SUPERCONFORMAL VERTEX ALGEBRAS IN DIFFERENTIAL GEOMETRY. I. 



23 



[19] B.H. Lian, G.J. Zuckerman, New perspectives on the BRST- algebraic structure of string 

theory, Comm. Math. Phys. 154 (1993), no. 3, 613-646. 
[20] K. Liu, Modular forms and topology, Moonshine, the Monster, and related topics (South 

Hadley, MA, 1994), 237-262, Contemp. Math., 193, Amer. Math. Soc, Providence, RI, 

1996. 

[21] K. Liu, On modular invariance and rigidity theorems, J. Differential Gcom. 41 (1995), no. 
2, 343-396. 

[22] S. Mac Lane, Categories for the working mathematician. Second edition. Graduate Texts in 

Mathematics, 5. Springer- Verlag, New York, 1998. 
[23] F. Malikov, V. Schechtman, A. Vaintrob, Chiral de Rham complex. Comm. Math. Phys. 204 

(1999), no. 2, 439-473. 

[24] A. Neveu and J.H. Schwarz, Factirizable dual model of pions, Nuclear Phys. B 31 (1971), 
86-112. 

[25] S. Odake, Extension of N = 2 superconformal algebra and Calabi-Yau compactiflcation. 
Modern Phys. Lett. A 4 (1989), no. 6, 557-568. 

[26] D.G. Quillen, Homotopical algebra. Lect. Notes in Math., No. 43, Springer- Verlag, Berlin- 
New York 1967. 

[27] P. Ramond, Dual heory for free fermions, Phys. Rev. D (3) 3 (1971), no. 10, 2415-2418. 
[28] Y. Ruan, G. Tian, A mathematical theory of quantum cohomology, J. Differential Geom. 42 

(1995) , no. 2, 259-367. 

[29] S. Salamon, Riemannian geometry and holonomy groups. Pitman Research Notes in Mathe- 
matics Series, 201. Longman Scientific & Technical, Harlow, 1989. 

[30] S.L. Shatashvili, C. Vafa, Superstrings and manifolds of exceptional holonomy, Selecta Math. 
(N.S.) 1 (1995), no. 2, 347-381. 

[31] J. Simons, On the transitivity of holonomy systems, Ann. of Math. (2) 76 (1962), 213—234. 

[32] A. Strominger, S.-T. Yau, E. Zaslow, Mirror symmetry is T-duality. Nuclear Phys. B 479 

(1996) , no. 1-2, 243-259. 

[33] H. Tamanoi, Elliptic genera and vertex operator super-algebras. Lect. Notes in Math., no. 
1704. Springer- Verlag, Berlin, 1999. 

[34] K. Thielemans, A Mathematica package for computing operator product expansions, In- 
ternat. J. Modern Phvs. C 2 (1991). no. 3. 787 -798. Software can be downloaded at: 
http: / /euclid. tp.ph.ic.ac.uk/~krthie/packages. html 

[35] C. Vafa, Topological mirrors and quantum rings. Essays on mirror manifolds, 96-119, Inter- 
nal. Press, Hong Kong, 1992. 

[36] N.P. Warner. N = 2 supersymmetric integrable models and topological field theories, preprint, 
[hep-th/9301084 

[37] E. Witten, Supersymmetry and Morse theory, J. Differential Geom. 17 (1982), no. 4, 661-692 
(1983). 

[38] E. Witten, The index of the Dirac operator in loop space. Elliptic curves and modular forms 
in algebraic topology (Princeton, NJ, 1986), 161-181, Lect. Notes in Math., 1326, Springer, 
BerUn, 1988. 

[39] E. Witten, Elliptic genera and quantum field theory. Comm. Math. Phys. 109 (1987), no. 4, 
525-536. 

[40] E. Witten, Topological quantum field theory. Comm. Math. Phys. 117 (1988), no. 3, 353-386. 

[41] E. Witten, Topological sigma models. Comm. Math. Phys. 118 (1988), no. 3, 411-449. 

[42] W. Witten, Mirror manifolds and topological field theory, Essays on mirror manifolds, 120- 

158, Internal. Press, Hong Kong, 1992. 
[43] J. Zhou, Superconformal vertex algebras in differential geometry. II., in preparation. 
[44] B. Zumino, Superymmetry and Kdhler manifolds, Phys. Lett. B 87 (1979), 203-206. 

Department of Mathematics, Texas A&M University, College Station, TX 77843 
E-mail address: zhouSmath.tamu.edu 



